Online Companion to “Correlation Decay in Random
Decision Networks”

A Examples of Decision Networks

A.1 Independent set

Suppose the nodes of the graph are equipped with weights W, > 0,v € V. A set of nodes
I C V is an independent set if (u,v) ¢ E for every u,v € I. The weight of an (independent)
set Iis >, .;W,. The maximum weight independent set problem is the problem of finding the
independent set I with the largest weight. It can be recast as a decision network problem by setting
X =10,1},2.(0,0) = ®.(0,1) = ®.(1,0) = 0,P.(1,1) = —o0, P, (1) = W, P,(0) = 0.

A.2 Graph Coloring

An assignment ¢ of nodes V' to colors {1, ..., q} is defined to be proper coloring if no monochromatic
edges are created. Namely, for every edge (v,u),p(v) # ¢(u). Suppose each node/color pair
(v,z) € V x{l,...,q} is equipped with a weight W, ;, > 0. The (weighted) coloring problem is the
problem of finding a proper coloring ¢ with maximum total weight W 6(v)- In terms of decision
network framework, we have ®, ,(x,z) = —o00, @y (z,y) =0,Ve #y € x ={1,...,q},(v,u) € E
and ®,(z) =W, ,,Vv € V,z € x.

A.3 MAP estimation

In this example, we see a situation in which the reward functions are naturally randomized.
Consider a graph (V, E) with |V| = n and |E| = m, a set of real numbers p = (p1,...,p,) € [0,1]",
and a family (fi,..., fi) of functions such that for each (i,j) € E, f;; is a function f; (o, z,y)
where o is real and x,y € {0,1}?. Assume that for each (z,v), fi j(0,,y) is a probability density for
o. Consider two sets C = (C;)1<i<n and O = (O} )1<;<m of random variables, with joint probability
density

P(O,C) =[] pi(t—p)' = ] fijloijrcire)
i (i,4)eE
C is a set of Bernoulli random variables (“causes”) with probability P(C; = 1) = p;, and O is
a set of continuous “observation” random variables. Conditional on the cause variables C, the
observation variables O are independent, and each O;; has density f;;(o,ci,cj). Assume the
variables O represent observed measurements used to infer on hidden causes C. Using Bayes’s
formula, given observations O, the log posterior probability of the causes variables C is equal to:

logP(C =cC | O = O) =K+ Zq)i(ci) + Z @i,j(ci,cj)
7 i,jeE



where

®i(c;) =log(pi/ (1 —pi))ei
®; 7](CZ7CJ) —log(f (Oz ]7CZ7CJ))

where K is a random number which does not depend on c. Finding the maximum a posteriori
values of C given O is equivalent to finding the optimal solution of the decision network G =
(V,E,®,{0,1}). Note that the interaction functions ®; ; are naturally randomized, since ®; ;(z,y)
is a continuous random variable with distribution

dP((I)Lj(JZ, y) = t) = et Z dP(fi,j(()? .Z',, y,) = et)

z’y'€{0,1}

B Proof of proposition 5

Proposition 8. [Proposition 5 in main text] For every x # vy, By(z) — By(y) is a continuous
random variable with density bounded above by ﬁ. Moreover, for any random vector z, we have:

E|F(z) ] < T\[\V\a (23)

Bu(2) — Bu(y) = Bu(2) — Bu(y) + 0Zus — 6 Zuy.

Proof. We have:

Let D = B,(x)— Bu(y) and D = B, (z) — B,(y). Since Z,, ; — Zu., is a zero mean Gaussian random
variable with variance 2, then for every ¢ € R and h > 0, by conditioning on Z,, ; — Z, ,, we obtain:

~ +oo 1 w2
Pt<D<t+h) = ——e 12Pt—-—u<D<t+h—u)du
( ) T ( )

“+00
Pt—u<D<t+h—u)du<
\/471'5/ B u)u_\/_é

where the last inequality follows from the fact that, for any random variable X with E|X| < +oo,

/ Plx <X <x+h)dr<h

— 00

Taking the limit for A~ — 0, we conclude that D has a density and which is bounded by ﬁ.

Finally, F(x) — F(x) = F(x) — F(x) + F(x) — F(x) + 1:;(5() — F(x). By optimality of X for F, we
have F'(x) — F(x) <0, so E[F(x) — F(x)] < E|F(x) — F(x)| + E|F(x) — F(x)|.

We have: .
|F(x) = F(X)| <0 | Zual S0 17yl
v vy



which implies
~ 2
E|F(x) — F(x)| < 2T\/j V| o
0
Similarly we have

- 2
ElF(x) - F(x)| <§ E\Z,z| <2T\/—=|V]d
FR) ~ PR < 65 Vsl < V2w
and so the suboptimality gap is bounded by 4T\/g [V |d O

C Proof of Theorem 6

Theorem 8. [Theorem 6 in main text] Suppose a decision network G satisfies correlation decay
property with rate p(r). Then, there exists some constants K1, Ko such that for all r >0

E[F(x) — F(x")] < K1}/ @ + K50. (24)
Let § = 6(r) = p'/5(r) and K3 = K| + K,. Then,
E[F(x) — F(x"")] < K35(r). (25)

Finally suppose G exhibits exponential correlation decay property with rate c.. For any e > 0, if
r> 3<| log €| + log | K3| + 1/3| log KC|> |log(a.)| !, then E[F(x)] — E[F(x%(")] < ¢

Proof. Let % be an optimal solution for the network G. We first write a telescoping sum
F(x) — F(x"%) = (F(x) - F(x)) + (F(x) - F(sc)) + (F(i) - F(x’v&)) + (F(x"ﬁ) - F(xm))

Since & is optimal for F, (ﬁ'(x) - F(f{)) <0, and thus

E[F(x) — F(x™°)] <E|F(x) - F(x)| + E|F(x) — F(x")| + E|F(x"°) — F(x™)|  (26)
By proposition 5, we have

n 2 [ (T50 r,0 2

E|F(x) - F(x)| <T p V|é§ and E|F(x™°) — F(x™°) < |T - V|8 (27)

We turn our attention to the term E|F(§<) — F(XT”‘S)|. By Propositions 4 and 5 for every u

272 [ p(r)
r,6 T I p_
]P)(ZEu ;ﬁ ZEu) S 7'(1/4 5

and therefore, by applying the union bound, for every (u,v), we obtain:

AT? [ p(r)
ro T ~ P
P((:Eu 1 Ty°) # (an$v)) < i\ s



We have

E|F(%) - F(x™)| < Y El®u(@a) = Pul@l’) + D El®uu(fu,F0) — Puu(@l’,270)]
ueV (u,v)EE

For any u,v € V,

B0 50 ol 00 < g (B 4 5.9

7)

< 2Kq>]P’((ac 3 aT0) £ (Fu, d0)) "
2T 1/4

< Ko 1/8(%)

where the second inequality follows from Cauchy-Schwarz. Similarly, for any © we have
E|du(70) — Bu(@f)] <E[1p0 ;. (19u(F)]+ |®u( ”D]

gE{leaﬁu (190(@a)| + (3] +2ZE!ZM\

2
<P(a70 # 5,)Y? Ko + 26T/ =
s

2T /p(r)\ 4 \/5
§K¢m<7> + 26T p

By summing over all nodes and edges, we get:

/
E[F(R) — F(x™) < K, (@)1 T @5 (28)

Finally, by injecting equations (27) and (28) into equation (26), equation (24) follows. The bound
(25) is obtained by direct substitution of §. The last part of the theorem follows immediately
from (25). O

D Establishing the correlation decay property. Coupling tech-
nique

The previous section motivates the search for conditions implying the correlation decay property.
This section is devoted to the study of a coupling argument which can be used to show that
correlation decay holds. Results in this section are for the case |y| = 2. They can be extended to
the case |x| > 2 at the expense of heavier notations, but not much additional insight gain.

D.1 Notations

Given G = (V, E,®,{0,1}) and u € V, let vy,...,vq be the neighbors of u in V. For any r > 0 and
boundary conditions C, C’, define:

1. B(r) 2 CE[G,u,r,1,C] and B'(r) 2 CE[G,u,r,1,(’]



2. For j=1,...d, let G; =G(u,j,1), and let Bj(r — 1) 2 CE[Gj,vj, — 1,1,C] and Bj(r — 1) 2
CE[gj,'Uj,T — 1, 1,0/]. Also let B(T - 1) = (Bj(?‘ — 1))1§j§d and B/(T — 1) = (B;(T — 1))1Sde

3. For j = 1,...d, let (vj1,...,vj,,) be the neighbors of v; in G;, and let Bj.(r — 2) =
CE[G;(vjk, k,1),vj,r — 2,1,C] and B;k(r —2) = CE[G;(vjg, k,1),vj,7 — 2,1,C] for all k =
1...nj. Also let Bj(r —2) = (Bji(r — 2))1<k<n, and BJ’-(T —2) = (B;-k(r = 2))1<k<n;-

4. For simplicity, since 1 is the only action different from the reference action 0, we denote
A
Hue—v); (Z) = Hu—v; (17 Z)-
From equation (3), note the following alternative expression for pi, ., (2)
Pruev; (2) = Poyp; (1, 1) = Doy (0, 1)+ max(Py v (1,0) — Doy (1, 1), 2) (29)
(0,0) — @,,4,(0,1), 2)

—max(®P, .,

5. Similarly, for any j =1...dand k =1...ny, let py; o, (2) 2 ooy vy (1, 2).

6. For any z = (21,...,2a), let puu(2z) = 3_; ftu—v,(2;). Also, for any j, and any z = (21,..., 2y, ),
let 1, (z) = 21§k§nj Hovj—ujy, (21)-

7. For any directed edge e = (u < v), denote

Bl 2 Dyy(1,0) — Dyy(l,1)

B2 2 B,,(0,0) — D,,(0,1)

B2 Dyuu(1,1) = Bun(0,1)

X 2 0L+

Yo 2 @20l =d,,(1,1) - 9,,(1,0) — B, 0(0,1) + B,,(0,0)
Note that Y., = Y,—y, so we simply denote it Y, ,,.

Note that for any e, E|Y.| < K¢ (see Assumption 2). Equation (11) can be rewritten as

B(r) = pu(B(r—1)) 4 ®u(1) — 2(0) (30)
B'(r) = pu(B'(r—1))+ ®u(1) — ,(0) (31)
Similarly, we have
Bj(r - 1) = Hv; (Bj(r - 2)) + ¢vj (1) - ¢vj (0) (32)
Bj(r —1) = piy, (Bj(r — 2)) + v, (1) — ¢y, (0) (33)

Finally, equation (29) can be rewritten
Hue—v; (Z) = (I)i<—v + maX(CD}u—vZ) - ma‘x((p?u—vv Z) (34)

We call Y, the interaction coupling; Y. represents how strongly the interaction function ®,, ,(xy, <)
is “coupling” the variables z,, and z,. In particular, if Y. is zero, the interaction function ®,, ,(z, ;)
can be decomposed into a sum of two potential functions ¢, () + ¢, (), that is, the edge between



u and v is then be superfluous and can be removed. To see why this is the case, take ¢,(0) = 0,
du(l) = Dy y(1,0) — @, (0,0), ¢, (0) = @,,(0,0) and ¢y, (1) = P, ,(0,1), which is also equal to
D, 0(1,1) = Dy 4(1,0) + @4, ,(0,0), since Ye = 0.

D.2 Distance-dependent coupling and correlation decay

Definition 3. A network G is said to exhibit (a,b)-coupling with parameters (a,b) if for every edge
e = (u,v), and every two real values x, x':

P(ptucs (@ £ @o(1) = €0(0)) = prucsle’ + @0(1) = 0(0))) = (1= a) ~br 2| (35)

The probability above, and hence the coupling parameters, depend on both ®,(1) — ®,(0) and
the values @, ,(z,y). Note that if for all x, 2’

P(jtue(®) = pruco(a)) = (1= a) = bz — @' (36)

then G exhibits (a,b) coupling, but in general the tightest coupling values found for equation (36)
are much weaker than the ones we would find by analyzing condition (35). In a similar spirit,
the following lemma guarantees that the regularization introduced in section 5.2 can only improve
coupling;:

Lemma 2. If G exhibits (a,b) coupling, then for any & >0, G also exhibits (a,b) coupling.

Proof. Let Z = Zy,1 — Zyp. Then ®,(1) — ®,(0) = ®,(1) — ®,(0) + Z. For any z, 2’

B (jrucole + Bo(1) = ,(0)) = pucs &+ &,(1) = 8,(0)) ) =

/dPZ(z)]P’@w_v(a: 2 @u(1) — 2,(0)) = pucsla’ + 2+ B(1) — 2,(0))

Applying definition (35) to z + 2z and 2’ + z, we obtain

P (@ + ®o(1) = 4(0)) = pruco@’ + Bo(1) = $,(0))) = / dPy()((1 - a) = blz — ')
> (1—a)—blx — 2|
O

This form of distance dependent coupling is a useful tool in proving that correlation decay
occurs, as illustrated by the following theorem:

Theorem 9. Suppose G ezhibits (a,b)-coupling. If
a(A —1)+VbEg(A —1)%2 < 1 (37)

then the exponential correlation decay property holds with K = A?Kg and o = a(A—1)+v/bKg(A—
1)3/2,



Suppose G exhibits (a,b)-coupling and that there exists Ky > 0 such that |Y| < Ky with probability
1. If

a(A—1)+bKy(A-1)?2 <1 (38)
then the exponential correlation decay property holds with o = a(A — 1) + bKy (A — 1)2

Suppose G exhibits (a,b)-coupling, that the network is locally tree-like (B(u,r) is a tree for every
u € U and depth r used for the cavity recursion) and that for all edges e = (u,v) € E, the random
variables (Pe(7,Y))q yeqo,1y2 are i.i.d. If

(A—=1)(a++bKs) <1 (39)
then the exponential correlation decay property holds with « = (A — 1)(a + 0Kg).

D.2.1 Proof of theorem 9

We begin by proving several useful lemmas. The most important, which will use frequently in the
rest of the paper, states that in the computation tree of the cavity recursion, the cost function of
an edge cost is statistically independent from the subtree below that edge.

Lemma 3. Gwenu,z and N'(v) = {v1,...,v4}, for everyr,j =1,...,d andy € x, CE[G(u, j,x),v;,7—
L,y] and @, are independent.

Note however that ®, ., and G[u, k, z] are generally dependent when i # k

Proof. The proposition follows from the fact that for any j, the interaction function ®,,, does
not appear in G(u, j,x), because node u does not belong to G(u, j,x)), and does not modify the
potential functions of G(u, j,z) in the step (5). O

Lemma 4. For every (u,v), and every two real values x,x’
|t () = pruo(@)] < |2 — 2/]. (40)
Proof. From (29) we obtain
o) = (') = max (By,u(1,0) = By (1, 1),2) — max (B,,,(0,0) — By,(0,1), 7)
— max (cbuvv(l, 0) — @y (1,1), g;) + max (@u,v(o, 0) — @y,,,(0, 1), x)
Using twice the relation max, f(z) — max, g(x) < max,(f(z) — g(x)), we obtain:

Pueo(T) = pycoy(2") < max(0,z — ) + max(0,z" — z)

= |z — 2|
The other inequality is proved similarly. O

Lemma 5. For every u,v € V and every two real values x,x’

|fyw() — :uw—v(x,” < |Yuw| (41)



Proof. Using (29) and (31), we have

Pep () — (Pyuop(1,1) — @y (0,1)) = max(Py 4, (1,0) — @y (1,1), )
— max(®Py, 2(0,0) — D, ,(0,1), x).

By using the relation max, f(x)—max, g(x) < max,(f(x)—g(x)) on the right hand side, we obtain

Pyp () — (Pyup(1,1) — @y, ,(0,1)) < max(0, Y, ).

Similarly
(@) + (@ (1,1) — €,,(0,1)) < max(0, Yy.,).
Adding up
Py (7) = pruo (') < [Yiul-
The other inequality is also proven similarly. O

Lemma 6. Suppose (a,b)-coupling holds. Then,

E[B(r)—B'(r)|<a Y E|Bj(r—1)=Bjir—1)|+b > E — Bj(r—1)P’]. (42)

1<5<d 1<j<d

Proof. Using (11), we obtain:
E|B(r) = B(r)] = E[|®u(1) — ,(0) + Zuw (r—1) = (®u(1) Zuw (r=1)]
< ZEMW (r — 1)) — s, (BY(r — 1))

—ZE[ [ty (B (= 1)) = e (B} = 1))l 10, (By(r = 2), o, (Bf(r — 2)] |

By Lemma 4, we have |y, (Bj(r — 1)) — pucy; (Bj(r — 1))
from that from equation (32) and (33), |B;(r — 1) B’ H(r—1
hence conditional on both p,, (Bj(r —2) and u,, (B (r —2),
Therefore,

< |Bj(r —1) — Bj(r — 1)|. Also note

|Mv]( i (1 —2)) = o, (Bi(r —2))J;
i(r—1)— B (7’ —1)| is a constant.

|
)|
B

E | [tsy (B (r = 1) = s (B} = )| |, (By(r = 2), s, (B}(r — 2)
< 1Bj(r = 1) = Bj(r = V)| Plstuc, (By (r = 1)) # phucs, (B} = 1) | o, (B <—2>,uvj<Bg<r—2>>

Note that in the (a,b) coupling definition, the probability is over the values of the functions ®,,, »
and ®,. By lemma 3, these are independent from p,,; (Bj(r — 2) and f1,;(Bj(r — 2)). Thus, by the
(aab) Coupling assumption, P(NW—UJ‘ (BJ (T - 1)) 7£ Hue—v; (B; (7" - 1)) | Ho, (B,] (7" - 2)7 Ho, (Bj (7" - 2)) <
a+b|Bj(r —1) — Bi(r — 1)|. The result then follows. O



Fix an arbitrary node v in G. Let N (u) = {v1,...,v4}. Let dj = [N'(v;)| — 1 be the number of
neighbors of v; in G other than u for j = 1,...,d. We need to establish that for every two boundary
condition C,(’

E|CE(G,u,r,C) — CE(G,u,r,C")| < Ka" (44)

We first establish the bound inductively for the case d < A — 1. Let e, denote the supremum of
the left-hand side of (44), where the supremum is over all networks G’ with degree at most A, such
that the corresponding constant K¢ < Kg, over all nodes u in G with degree [N (u)] < A —1 and
all over all choices of boundary conditions C,C’. Each condition corresponds to a different recursive
inequality for e,.

Condition (37) Under (37), we claim that
er < a(A —1)e,_1 +b(A —1)3Kge,_o (45)

Applying (32) and (33), we have

|Bj(r - 1) - B;(T - 1)| < Z |:uvj<—vjk(Bjk(r - 2)) - Mvj‘_vjk(B_;k(r - 2))|
1<k<d,;

Thus,

Bitr =)= Bi(r = DP < (3l (Bislr = 2)) = sy (Bl —2)))
1<k<d;

<dj Y gy (Bin(r = 2)) = poy oy (B (r — 2)?
1<k<d;

By Lemmas 4 and 5 we have |1y, v, (Bjk (1 — 2)) = fio;—u;,, (Bjp,(r — 2))| < [Bji(r —2) — By (r — 2))
and |y, vy, (Bjk(r — 2)) — po; v, (Bl (r — 2))] < [Yjg[- Also, dj < A — 1.Therefore,

|Bj(r =1) = Bj(r =) < (A=1) Y [Bji(r —2) = Bj(r — 2)| . [V (46)

1<k<d;

By Lemma 3, the random variables | B (r —2) — B}, (r —2)| and |Yjy| are independent. We obtain:

E|Bj(r —1) = Bj(r— 1) <(A—1) Y E|Bj(r Bl (r —2)| . E|Y] (47)
1<k<d;
<(A—1D)Ee( > E[Bjx(r —2) — Bjy(r —2)|)
1<k<d;

<(A - 1)2Kq>€,«_2

where the second inequality follows from the definition of K¢ and the third inequality follows from
the definition of e, and the fact that the neighbors v;;, 1 < k < d; of v; have degrees at most A —1
in the corresponding networks for which Bj;(r —2) and B;. w(r —2) were defined. Applying Lemma



6 and the definition of e,, we obtain

E[B(r)~ Bl <a 3. EBjr—1)~Bjr—1)|+b 3 E _Blr— 1)

1<j<d 1<5<d
<a(A—1)e,—1 +b(A — 1)3K<1>er_2

This implies (45).
From (45) we obtain that e, < Ka" for K = AKg and « given as the largest in absolute value
root of the quadratic equation a? = a(A — 1)a + b(A — 1)3Kg. We find this root to be

1
a=5(a(A-1)+ Va2(A —1)2 4+ 4b(A — 1)3Kg)
<a(A—-1)++bA-1)3Kg
<1
where the last inequality follows from assumption (37). This completes the proof for the case that

the degree d of u is at most A — 1.
Now suppose d = |N(u)| = A. Applying (30) and (31) we have

|B(r) )| < Z ‘:U'w—vj (r—1)— :“w—vj(B;'(r - 1))
1<5<d

Applying again Lemma 4, the right-hand side is at most

Z |B;(r (7‘—1)\<Aer 1

1<5<d

since Bj(r—1) and B;(r — 1) are defined for v; in a subnetwork G; = G(u, j, 1), where v; has degree
at most A — 1. Thus again the correlation decay property holds for u with AK replacing K.

Condition (38) Recall from lemma 6 that for all r, we have:

E[B(r)—B'(r)| <a > E[Bj(r Bj(r—1)|+b > E[B;(r—1) - Bj(r — 1)]*].

1<j<d 1<j<d

For all j, |Bj(r —1) — Bj(r — 1)| = [ 325 (v —v;i (Bjk) — Hojv,, (Bjy.))|. Moreover, for each j, k,

vy (Bik) — fo v, (B5)] < |Yik| < Ky (the second inequality follows from Lemma 5, the third
VRN Uik N\ gk J

by assumption). As a result,

|Bj(r — 1) = Bj(r = 1)]> < (A = 1)Ky |Bj(r — 1) = Bj(r — 1)
We obtain:
er < (a+bKy(A—1))(A—1)er—1

Since a(A — 1) +bKy (A —1)2 < 1, e, goes to zero exponentially fast. The same reasoning as
previously shows that this property implies correlation decay.

10



Condition (39) Since the network is locally tree-like, all Y, encountered in the cavity recursion
CE(G,u,r) are independent. Another important observation is the following: since (®c(2,9))s yef0,1}2)
are i.i.d., the random variables Y, are symmetric (Y, and —Y, have the same distribution). The
next step of the proof is to observe that (34) can be rewritten as follows:

Xu<—vj - Yu,vj Xu<—vj + Yu,vj
e —— _—)

sy (2) = B max(CE T ) (Tt I )
Xuco: — Y| KXo, 4 |Yuo|
. 3 . UV UR UV U,V
= Py, +sign(Y) <max( 5 ,z) — max(m 5 ,z))
= &), +sign(Yuw, )M Xuco;, Vi, 2)

where h(z,y,b) 2 max (5 (z — y),b) — max(3(z +y),b) is a nondecreasing function of b for y > 0. It

follows that for two real numbers B;, B;-,
Hue—v; (Bj) — Hue—v; (B;) = Sign(YU,v) (h‘(XU<—Uj7 |Yu7v|a Bj) - h(XU<—’Uj7 |Yu,v|, B;))

and so the sign of iy, (Bj) — pu—v; (B}) is the product of the sign of Yy, , and the sign of B; — B.
For a symmetric random variable Y, e = sign(Y’) and |Y'| are independent, and P(e = +1) = P(e =
-1) = % Forall j=1,...dand k =1,...n;, let

hjk = (h(X’l)‘<—Ujk7 |ij,vjk |7 B]k) - h(Xvw—vjk, |Y;Jj,vjk |7 B;k)

J J

and
ek = sign(Yy; v,,)
For any (7, k),
foy o (B (1 = 2)) = po; vy (B (r = 2)) = €l
Let F the o-field generated by the set of random variables {(Bj(r—1)), (B} (r—1)), (Yo, v, )s (Xo;—v;) }-
Note that hjj is measurable with respect to 7. We obtain:

E|Bj(r —1) — Bj(r — D =E [E“ Z Ejkhjk)‘z‘]:]]

1<k<d;

Conditional on F, the inner expectation (which is taken only w.r.t the €;;) is simply the vari-
ance of the random variable ), €ycy, where €, are independent variables, and ¢, = hjj, are fixed
constants. The variance is then Y, ¢ = 3", (hjx)*

Therefore:

E[Bj(r—1) = Bjr =) <E[ > (hj)?]
1<k<d,

Using inequalities |k | < Yo, v, |5 [Rjk| < [Bjk — By, and E[Yy, 4, | < Ko, we obtain:

E|B;(r —1) — Bj(r — 1)]* < Ko ZE\Bjk(T —2) = Bjy(r —2)|
%

11



Therefore, using the same notations as previously, this implies:
er <a(A—1)e,—1 + bKgp(A — 1)2er_2

which, given (A — 1)(a + v/ Kgb) < 1, implies correlation decay at the desired rate.

D.3 Establishing coupling bounds
D.3.1 Coupling Lemma

Theorem 9 details sufficient condition under which the distance-dependent coupling induces corre-
lation decay (and thus efficient decentralized algorithms, vis-a-vis Proposition 3 and Theorem 8).
It remains to show how can we prove coupling bounds. The following simple observation can be
used to achieve this goal.

For any edge (u,v) € G, and any two real numbers x, 2’, consider the following events

E{;_U(:E,:E/) = {min(ﬂj‘,ﬂj‘,) + q)U(l) - q)U(O) 2 maX(q)zlu—v’ (I)i—v)}
E;—v(xv ‘T/) = {max(a:, ‘T/) + (I)U(l) - (I)v(O) S min(q)zlu—v? (I)a—v)}

Byy(z,2") = B} (x,2') U E, (2,2
Lemma 7. If By, ,(x,2") occurs, then py—,(z + ®4(1) — @,(0)) = pyep(@’ + @4(1) — ©,(0)).
Therefore
P(pyn(w + @4(1) = @4(0)) = pruev (2’ + @4 (1) — ©4(0)) > P(Eyy(z,2"))
Proof. The result is obtained directly from representation (29). O

Note that Lemma 7 implies that the probability of coupling not occuring P(pyy(x + (1) —
D,(0)) # pyep(a’ + (1) — ®,(0))) is upper bounded by the probability of (Ey—,(z,2z"))¢. When
obvious from context, we drop the subscript u « v. We will often use the following description of
(B, ")) for two real values x > 2/,

(B(z,2"))¢ = {min(®', ®?) + &,(0) — ®,(1) < z < max(®!, &%) + &,(0) — &, (1) + = — 2}

D.3.2 Uniform Distribution: proof of Theorem 1

For a given family of distribution, all remains to do in order to prove a correlation decay theorem
is to compute the coupling parameters a, b for this distribution and apply one form of Theorem 9.
In this section we compute the coupling parameters of the uniform distribution; together with the
second condition of Theorem 9, this proves Theorem 1.

Lemma 8. The network with uniformly distributed rewards described in section 3.1.1 exhibits (a, b)
coupling with

I 1
2 d b= —
“= oL an 21,

12



Proof. Since the distribution of each ®.(z,y) is distributed as a uniform random variable over
[~1I3, I5], it follows that for any fixed edge (u,v) € G, ®L_, and ®2_ are i.i.d. random variables
with a triangular distribution with support [—215,2I5] and mode 0. Because ®._, and ®2_ are

i.i.d., by symmetry we obtain:

P((E(z,2))%)

215 215
2/ qu,l(al)/ dPp2(a?) P(a' 4+ ®,(0) — (1) < z < ®,(0) — (1) + a® + = — 2)
—21> al

2[2 212
_ 2/ quﬂ(al)/ APy (a2) P(a' — a2 < By(0) — y(1) < 7 — a)
—215 al

P(z' — a? < ®,(0) — ®,(1) <  — a') can be upper bounded by %W, and we obtain:

P(E ney <« r—a 1 212dP 1 212dP 2\, .2 1
(B,a)) < 24— 5 () 5o (0%)(a® — o)
1 1J-2I al

Note that dPg2(a?) = 4} (a% + 2I5)d(a?) for a® < 0, and dPgp2(a?) = ﬁg(2[2 — ag)d(a?) for
2 2

a® > 0; identical expressions hold for dPg:(a'). Therefore, for a' > 0,

215 21
/al APy (a?)(a? — o) = 4—%/ (21> — a?)(a? — o) d(a?)

al
1 21> 215
= m(—/ (2]2-&2)2d(a2)+(212—a1)/ (2L — a®)d(a?))
2 al al
1,1 1 1
— ——(—Z0L —a)3+ (2, — 3\ _ 2L, — ql)3
g T3k ) 3k a)) = 5k —a)

Similarly, for a' <0,

2[2 1
/al dPp2(a®)(a® — a') = —a; + e (a* + 215)?

The final integral is therefore equal to:

215 21
/ APy (a)) / APy (a2)(a? — a')

—215 1
1 ’ 1 1, Lo 3 7( 1 S 1A g1
= 215)(— 215)°)d —— (215 — d
4122(/_212 (0" +2B)(—a" + gy (@ +2L)) (a)+/0 qapg P2 —a)dla )
1 /24 4 7
- _1'3 _I3> R
413(15 2T p) T
Finally,
L |x—2| I, |r—2
P((B(z,2)°) < —— + —— < =
(Bla)) < 5+ 25 <3, T 24,
Therefore, the system exhibits coupling with parameters (21721, i) O

13



Note that for all edges, |Y.| < 415, so that the condition B(A —1)? < 1 implies Q(A —-1)+

SE(A—1)2 <1,

D.3.3 Gaussian distribution: proof of Theorem 2

In this section, we compute the coupling parameters for Gaussian distributed reward functions.
Rather than considering only the assumptions of Theorem 2, we place ourselves in a more general
framework; the proof will follow from the application of the first form of Theorem 9 and a special
case of the computation detailed below (see corollary 2).

Assume that for any edge e = (u,v) the value functions (®,,,(0,0), (0, 1), P, (1,0), Py (1,1))
are independent, identically distributed four-dimensional Gaussian random variables, with mean
= (Hi)ie{00,01,10,11}, and covariance matrix S = (Si;); jef00,01,10,11}- For every node v € V,
suppose ®,(1) = 0 and that ®,(0) is a Gaussian random variable with mean p, and standard
deviation o,. Moreover, suppose all the ®, and ®. are independent for v € V, e € E. Let

2 2 2
oy = S1010 — 251011 + S11,11 + 0, o5 =500,00 — 2500,01 + So1,01 + 7,
2 9
-1 2 02 — 01
p = (0102)"" (S00,10 — Soo,11 — So1,10 + So1,11 + 7,) C= —_— —
V(0F +03)? — 4p20io;
a§( = 0’% + a% + 2po109 032/ :0% + 0% — 2p0109

Lemma 9. Assume C < 1. Then the network exhibits coupling with parameters (a,b) equal to:

1 —_— p—
a = arctan (\/;UX \/*|,uoo + p11 — p1o — o

21
R
TOox
Corollary 2. Suppose that for each e,(®.(0,0), ®.(0,1), ®.(1,0), P.(1,1)) are i.i.d. Gaussian vari-

Then a < 6 and bKg < (3.

ables with mean 0 and standard deviation o,.. Let 3 = szfaz
eT9

Proof. Under the conditions of corollary 2, we have 03 = 402, 0% = 40 + 402, and C = 0. Note
also that K¢ < 20, By Lemma 9, the network exhibits coupling with parameters

2
e

o2 2
e+0p

/ 2
————— and so0, bKgp < \/iﬂ <pB
,/02—#02 i

)s%ﬁsﬁ

1
a=— arctan (

Remark that when o, — 0, 5 — 0 and correlation decay appears;

Proof of Lemma 9 . Fix an edge (u,v) in E; for simplicity, in the rest of this section denote ®! =
DL+ ®,(0) — (1) and B2 = D2 + B, (0) — B, (1). It follows that (T, ") follows a bivariate

U—v U—v
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Gaussian distribution with mean (u1, p2):

p1 = p1o — p11 + pp and pe = poo — po1 + fyp

Sy = O'% pPo102
A pPo102 0%
with o1, 09, p defined as previously. With a slight abuse of notation, let X = 3 +$2, Y =3"-3".
Then, (X,Y) is a bivariate Gaussian vector with means E[X] = uy + p2 and E[Y] = po — 1,

and covariance matrix

standard deviations ox, oy and correlation C' as defined previously. Denote also X 2X-F [X]

adY 2Y — E [Y] the centered versions of X and Y. Consider two real numbers 2 > 2/, and let
(b, t) be the two real numbers such that x = b+ ¢/2, 2/ = b — t/2. By the coupling lemma, as well
as the definitions of b, t,@l and 52, we have

(E(x,2")" = {min($1,62) —t/2<b< max(61,52) +t/2}

The first step of the proof consists in rewriting the event (E(z,z’))¢ in terms of the variables X, Y:
Lemma 10.

(E(x,2")* ={]Y]| = (X — 28] - £)}
Proof.

(E(z,2))° ={min(®",3°) — t/2 < b < max(D, ") +/2}
B —t)2<b<T 412, <TIU{D —t/2<b<D +1/2Y <0,5 <}
—(2D < W< 4D <TDIULRD —t<2<2D +1,5 <D}
=X Y -t<2b<X+Y+t,Y >0 U{X+Y —-t<2b<X-Y +1¢,Y <0}
(X —2b) = [Y| =t <0< (X —2b)+|V|+1t}
=Yz (X -2o-t)} n{[Y[> (20— X — 1)}
={[Y]| > [X — 2| — t}

O

For any b and ¢t > 0, let S(t) = {z,y : |y| > |z| — t}, and for any real x, let S(t,y) = {z : |y| >
|x| — t}. Note S(t,y) is symmetric and convex in z for all y. Using the lemma, we obtain:

1 _ 1 . ((I*u1*gz+2b)2+(y*u2;u1)2 _2C(z*u1*u2+2b)(y+u2*u1))
P(E)¢(x,2")) = / e 20-¢79) i 7y i dzdy
(@ =g [
1 _ 1 , (yfuzsru1)2
= e 201-¢9 7y g(y)dy 48
2rozoyV1 — C? /y @) (48)
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where:

, ((fc K1— ;2+2b) 2C(z*u1*u2+2b)(y7u2+u1))
sy = [ e da
zeS(ty)

Let g, = &-t1—p2+20)

— and § = @7H2tm)  Thep.

Ty

c?

9(y) :e2(102)g2/ 6_2(1302)(fb_0g)2d:£
zeS(ty)

m—ul—u2+2b_w

Now, 7, — Cy = 2y . Recall Anderson’s inequality [?]: for an arbitrary set S
and vector z we denote S + z ' the set {(a: +z):x € S}. Let v be a centered Gaussian measure on
R”*, and S be a convex, symmetric subset of R¥. Then, for all z, y(S) > v(S + z). Since S(t,y) is

a convex symmetric subset, by setting 2b = 1 + po + %fﬂ“), it follows that

c? 72 1
g(y) < e20- oY / e 202(1-C%) " dx
z€S(t,y)
Injecting that bound in equation (48), we obtain:

1 . (v M2;H1)2 022 (yfuzsrm)
P((E)°(2, ")) < / - o (ewm N d:n>d
’ 27mmay\/ 1-— z€S(ty)

o2y = po+pp)?
e ) dndy

T 20— 02)

<
_27T0'x0'y\/ 1-C? S(t

>3

Finally, note that the triangular inequality, for any o we have S(t) C So(t) = {(z,y) : |y — a] >

|x| —t — |a|}. We obtain:

( (1 02)(71 H2+#1)2
20— C) o3 dxdy

P((E)(z,2)) <

e
2mooyV1 — C? S#Q,ul(t

1 2\ Y
(S (1-C2) Y
e 2(1,02( ( ) 5)

2” V 1 / t+| o —
S 5

where the second inequality follows from a simple change of variable. Let ¢ = ¢ + |uo — p1| Finally,
we decompose S(t') as the union of two sets: S(t) = Sint(T) U Sout(t), where:

1nt( )
out( )
Sint( ) N Sout( )

={(X,Y) : [X] <t}
{(X,Y) : |X] =t and [V > (| X] - t)}
=0

We have:

2t

]P)(Sint(t/)) = 27-‘-(1 — 02)0'12
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and, by symmetry of Sou(t') in X and Y,

P(Sout(t)) =4P({(X,Y) : X >, Y > 0,Y > X —t})
:;/ ST )
nogoyV1 — C? J{(x,y):X>t,y>0y>Xx—t}

( X—t Y)
V1=C?0,’

Using the change of variables (z',1y') = ,we get:

2 —(z'+
P(Syut (¥ :—/ e
(Soulé)) ™ {(w’,y)r>0y>0y’>“”“’7v ’}<

t/ 2.2
T, Y )dm’dy/

Since (z' + \/1_—'&752%)2 > 22, it follows that:

P(Sout (1)) <2

(=)
€ dxdy
" /{(I’vy’):x’>07y'>07y’>Wx/}

By using a radial change of variables (z',3") = (rcos(#),rsin(f)) we can compute exactly the
expression above, and find:

2
P(Sout(t')) <= /
( t( )) T {(r70):r>0,arctan(Ux\{,jic)ﬁeﬁ

)

- 27‘drd9
}

VB

IN

T@

=— arctan(

Oy
T ox V1 —C?

P((E)(z,2")) < <% arCtan(%\/%) + = E &5 2 — > . \/:OZ (19)

which gives us the desired bounds on (a,b).

1
T o

02

E Proofs of results in section 3.2

E.1 Concentration argument for Theorem 3

We now return to the proof of Theorem 3. Recall the description of the algorithm in the end of
Section 7.1. Specifically, we run C'E(t,€) algorithm for some even ¢ to be specified later. Let Z be
the set of nodes 7 in Gy such that Cg_o (7,t) > 0. Since t is even, by Lemma 1, Z C I}, where we recall
that I is the largest weighted independent set in Gy. Thus we need to bound |W(I*) — W (Iy)|
and W (I§ \ Z) and show that both quantities are small. Let AV} be the set of nodes in G which
are not in Gy. Trivially, |W (I*) — W (I)| < W(AVp). We have E[AVy] = dn, and since the nodes
were deleted irrespectively of their weights, then E[WW (AVp)] = on.

To analyze W (I \ Z), observe that by (second part of) Proposition 7, for every node i,P(i €
IE\T) < 4(1 —6)! = 6. Thus E|I \ Z| < §1n. In order to obtain a bound on W (I \ Z) we
obtain a crude bound on the largest weight of a subset with cardinality §in. Fix a constant C

17



and consider the set Vi of all nodes in Gy with weights greater than C. We have E[W (V)] <
(C+ EW —C|W > Cl)exp(—C)n = (C + 1) exp(—C)n, where W is a generic random variable
with exp(1) distribution. Then remaining nodes have a weight at most C. Therefore,

E[W (I3 \ Z)] < Céin + (C + 1) exp(—C)n.
We conclude
E[|W (") — W(Z)|] < én+ Cén+ (C + 1) exp(—C)n. (50)

Now we obtain a lower bound on W (I*). Consider the standard greedy algorithm for generating
an independent set: take arbitrary node, remove neighbors, repeat. It is well known and simple to
see that this algorithm produces an independent set with cardinality at least n/4, since the largest
degree is at most 3. Since the algorithm ignores the weights, then also the expected weight of this
set is at least n/4. By Chebyshev’s inequality

P(W (I*) < n/8) < L —64/n.

(n/8 —n/4)
We now summarize the results.

W (Z)

< W@ _ | _ e W(I) > n/8) + BOV(I*) < n/8)

W(I*) —
(W(I") - W)
W (I*)
W)~ W)
n/8
- §+4C(1—0)' + (C +1)exp(—C)

- €/8

P(

1—¢€) <P(

< P(

> e, W(I")>n/8) +64/n

< P( > ) 4 64/n

+64/n,

where we have used Markov’s inequality in the last step and 6; = 4(1 — §)*. Thus it suffices to
arrange 0 and C' so that the first ratio is at most €/2 and assuming, without the loss of generality,
that n > 128/¢, we will obtain that the sum is at most e. It is a simple exercise to show that by
taking § = O(e?),t = O(log(1/e)/e?) and C = O(log(1/¢)), we obtain the required result. This
completes the proof of Theorem 3. O

E.2 Proofs of Theorems 4,

In this section we present a proof of Theorems 4.

Proof of Theorem 4. The mixture of A exponential distributions with rates a;,1 < j < A and
equal weights 1/A can be viewed as first randomly generating a rate o with the probability law
P(a = ;) = 1/A and then randomly generating exponentially distributed random variable with
rate o, conditional on the rate being «;.

For every subgraph H of G, node i in H and j = 1,..., A, define M;i(z) = Elexp(—a; Cn(7))],
Mg’j(i,t) — E[exp(—aj C;{(z,t))] and M;z’j(i,t) = E[exp(_aj C;(%t))h where CH(Z)%C;_{(ZJ))
and Cp(i,t)) are defined as in Section 7.1.
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Lemma 11. Fiz any subgraph H, node i € H with Ny (i) = {i1,...,i.}. Then

. Q5
Elexp(—a;Cr(i)] = 1- ) a_J:a Elexp(— > axChpfin,.ir 1} (00))]
1<k<m 7 k 1<i<r
Elexp(—a;C5(i,t)] = 1-— Z o —|—a Elexp(— Z o, C. H\{z i z’l,l}(i“t_ 1))]
1<k<m 7 k 1<i<r
Elexp(—a;Cy(i,t)] = 1— Z ? [exp(— Z Con (iiyin 1}(zl,t— 1))]
1<k<m & k 1<i<r

Proof. Let (i) be the random rate associated with node i. Namely, P(a(i) = o) = 1/A. We
condition on the event >y ;. Cp\fiiy,...ii_,} (i) = 2. As Cy(i) = max (0, W; — x), we obtain:

El-a;Cr(ile] = %ZE[—%CH@)\x,a(i):aa

= AZ( (W; < ala(i) = ax)

+P(W; > z|a(i) = ag)Elexp(—a;(W; — 2))|W; > z,a(i) = ak]>

1 O
= X Ek: <1 —exp(—agx) + exp(—aka:)aj n ak)

Thus,

, 1
El-o;Cn(i)] = 1- ZE : +akEexp § : RO fiin i1} (01))]
k

1<I<r
The other equalities follow identically. O

By taking differences, we obtain

M7 (iyt) — M (i t) =

1 &%}
sz:aj—l—ozk( H exp(—axC H\{Hl, - 1}(Zl’t_1))] —E| H exp(— akCH\{HL N 1}(Zl’t_1))]>

1<i<r 1<I<r

We now use identity

II = - Hyl=< 1T $k)< 1T yk)Z(iﬂz—yl),

1<i<r 1<i<r 1<k<i—1 I+1<k<r 1<i<r

which further implies

‘ IT =- 11 yz‘é > lm—wl,

1<I<r 1<I<r 1<I<r
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when max; x|, |y;| < 1. By applying this inequality with z; = exp(—« CH\{z i 1}(zl,t - 1))

and y; = exp(—a;C, (i,t — 1)), we obtain

HA\{%,i1,50 58 -1}

DI(51)

. . 1
— s +.5/: +.k
My t) = My ()] < 0 D0 = IM iy (0T =1 = Mo (it = 1))
1<k<m T Ok 1<i<r
This implies
_7j y +7.7 y r Qj _7k y =+, k
| My (i) — My (4, 1)] < A S o+ i2is, My i,y (8= 1) = My, (it =
SRSM
For any t > 0 and j, define ¢; ; as follows
€t,j = Sup |M')—_(’j(i¢t) - M;—Z’j(iat” (52)

HCGieH

By taking maximum on the right and left hand side successively, inequality (51) implies

< e
€t = Z Z ] €t—1,k
1<hem Qj + ag

For any t > 0, denote e the vector of (e;1,...,e:m). Denote M the matrix such that for all (j,k),
Mk =% ﬁ We finally obtain

e; < Mey_q.
Therefore, if M! converges to zero exponentially fast in each coordinate, then also e; converges
exponentially fast to 0. Following the same steps as the proof of theorem 3, this will imply that
for each node, the error of a decision made by CE(¢,0) is exponentially small in ¢ . Note that
x < 1. Recall that a; = o). Therefore, for each j,k, we have M < P + —£—. It then suffices to

show that M} converges to zero exponentially fast, where where My is a A x A matrix defined by
M;;=1/2,M;,=1,j>kand M = (1/p)* 7,k > j, forall 1 <j,k <A.
Proof of theorem 4 will thus be completed with the proof of the following lemma:

Lemma 12. Under the condition p > 17, there exists § = 6(p) < 1 such that the absolute value of
every entry of MA is at most 6'(p).

Proof. Let e = 1/p. Since elements of M are non-negative, it suffices to exhibit a strictly positive
vector z = z(p) and 0 < 6 = 0(p) < 1 such that M’z < Oz, where M’ is transpose of M. Let x be
the vector defined by zj, = /2,1 < k < A. We show that for any 7,

(M'a;)j < (1/2 + 2

1_€Wj

It is easy to verify that when p > 17, that is e < 1/17, (1/2 +2,/1=) < 1, and the proof would be

20



complete. Fix 1 < j < A. Then,

(M'z); = Z My j o, +1/2x; + Z My, ; x,
1<k<j—1 jH1<k<A

= Z ej_kek/2+1/2ej/2—|— Z /2

1<k<j-1 jH1<k<A

Since z; = /2, we have

(Mz);  _ S By Y b

i 1<k<j—1 jHi<h<A
k/2 k/2 2¢!/2
1<k<j—1 1<k<A—j

This completes the proof of the lemma and of the theorem.

E.3 Hardness Result (joint work with David Goldberg)

We turn to our third and last result - the hardness of approximating W (I*) when the weights are
exponentially distributed and the degree of the graph is large. We need to keep in mind that since
we dealing with instances which are random (in terms of weights) and worst-case (in terms of the
underlying graph) at the same time, we need to be careful as to the notion of hardness we use. In
fact we will prove a result using the standard (non-average case) notions of complexity theory.

Theorem 10. There exist Ao and cj,c5 such that for all A > Ay the problem of computing
E[W (I*)] to within a multiplicative factor p = A/(c}log A2¢2VI%8 2 for graphs with degree at most
A is NP-complete.

Remark : One can in principle compute a concrete Ag such that for all A > Aq the claim of
the theorem holds. But computing such A explicitly does not seem to offer much insight. We note
that in the related work by Trevisan [?], no attempt is made to compute a similar bound either.

Proof of Theorem 10. We only provide a sketch of the proof. Given a graph G with degree bounded
by A, let Z denote (any) maximum cardinality independent set, and let Z* denote the unique
maximum weight independent set corresponding to i.i.d. weights with E(1) distribution. We make
use of the following result due to Trevisan [?].

Theorem 11. There exist Ag and c* such that for all A > Aqg the problem of approximating
the largest independent set in graphs with degree at most A to within a factor p = A/2c*vlogA 18
NP-complete.

Our main technical result is the following proposition.
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Proposition 9. For every graph G with n large enough,

L _ET
3logA = |Z| —

This in combination with Theorem 11 leads to the desired result.

Proof sketch. Let W (1) < W(2) < --- < W(n) be the ordered weights associated with our graph G.
Fix §, which we later will choose to be 1/(3log A). let m = [0|Z|]. Observe that the event |Z*| <
6|Z] implies that >, 1<j<, W(i) = > iezs Wi = 32;c7 Wi. The exponential distribution implies
E[W (j)] = H(n) — H(n — j), where H (k) is the harmonic sum 14+ 1/2+... 4+ 1/k =log(k) + O(1).
Thus

Y. EWi= Y (Hmn)-Hn-j)

n—mt1<j<n n—mt1<j<n
=mH(n)— > H(j)
j<m—1
< mH(n) —mlog(m) 4+ O(m)
n

< §/7](log 2

+0(1)),

where a straightforward bound |Z| > n/(A+1) is used. It is easy to check that for 6 = 1/(Clog A)
with sufficiently large universal constant C', we have 6(O(1) + log %) < 1 implying

S EW] - EW()] < [Z(6(0(1) + log 2!

)
n—m+1<j<n

) — 1) < =1,

for some constant d; = d2(A). Our next step is to use standard methods to show that >, ., W;
is concentrated around its mean. This together with the previous bound implies that the probability
of the event >, .., W; > W(I) converges to zero at the rate at least O(1/n). This is used in
the final step to argue that E[W (Z*)]/|Z| > m. O

O
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